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Urn models are used to construct polynomials which share many of the shape
preserving characteristics of the Bernstein polynomials. Some of these urn models
generate splines and one special model is shown to generate the uniform B-splines.
The approximation schemes engendered by these polynomials and polynomial
splines are studied and their common propertics are traced back to their
probabilistic origins.  © 1988 Academic Press, Inc.

1. INTRODUCTION

One of the simplest and most elegant ways to prove the Weierstrass
Approximation Theorem is to show that the Bernstein approximations of a
continuous function actually converge to the original function [3]. Unfor-
tunately the convergence of the Bernstein polynomials is sluggish and this
slow convergence often precludes their use in practical applications.
Nevertheless the Bernstein approximations not only converge to the
original function, but they also approximate, in a general way, its shape
[3, 11]. It is due to this ability to approximate shape rather than to their
convergence properties that the Bernstein polynomials have recently been
applied quite successfully in the field of computer aided geometric
design [5]. Now the binomial distribution gererates the Bernstein
polynomials and many of the most important geometric properties of the
Bernstein approximations can be derived directly from their probabilistic
interpretation. Perhaps then if we wish to generalize the shape
approximating characteristics of the Bernstein polynomials, we should look
to ways to extend the probabilistic properties of the binomial distribution.

A simple classical way to generate discrete probability distributions is to
construct urn models. Urn models extend the probabilistic properties of the
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binomial distribution in a very natural way and therefore we would expect
that the corresponding approximation schemes would also capture many of
the geometric properties of the original function. This is indeed the case.
Moreover there is a big bonus. Many urn models generate polynomial
splines and one particular urn model actually generates B-splines.
Therefore it is possible to use discrete urn models to study continuous
polynomial splines. These stochastic models provide fresh insight into the
discovery and proof of many algebraic results. For example, we can derive
many well known properties of B-splines, including the Cox—de Boor recur-
sion formula, by simple counting arguments; thus there is no need to resort
to complicated divided difference techniques. It should not be too surpris-
ing that a generalization of the binomial distribution leads directly to
B-splines. Afterall, B-splines were invented to extend the approximating
characteristics of the Berstein polynomials and urn models were created to
extend the probabilistic properties of the binomial distribution. What is
remarkable is that simple discrete counting arguments can be used to
derive sophisticated analytic results.

This paper is divided into four main parts. In Section 2 urn models are
introduced and some of their basic properties—symmetry, recursion,
moments, laws of signs, limits, and derivatives—are derived. We go on in
Section 3 to develop approximation schemes based on these urn models.
The fundamental properties of these approximation techniques—convexity,
symmetry, recursion, uniqueness, variation dimunition, limits, and
derivatives—are traced back to the basic properties of the urn models
derived in Section 2. Sections 4 and 5 discuss splines. Section 4 deals with a
class of continuous polynomial splines which can be constructed from a
distinguished set of distributions introduced in Section 2. The properties of
these splines are studied and traced back to the distributions from which
they are derived. Section 5 discusses a particularly important special case of
the splines constructed in Section 4, namely the uniform B-splines.

We believe that the connection between urn models, approximations and
splines leads to a new unity which helps to simplify and generalize many
algebraic and geometric propertics. We hope that this coupling of
probability theory and approximation theory will ultimately prove
beneficial to both disciplines and we expect that it will continue to be a
fertile area for many future investigations.

2. URN MODELS

We begin with a very simple, very general, urn model first introduced by
B. Friedman in [6].
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Friedman’s Urn Model

Consider an urn initially containing w white balls and b black balls. One
ball at a time is drawn at random from the urn and its color is inspected. It
is then returned to the urn and a constant number ¢, of balls of the same
color and a constant number ¢, of balls of the opposite color are added to
the urn.

We wish to study the discrete distributions generated by the probabilities
of selecting exactly K white balls in the first N trials. When ¢, =¢, =0, this
probability distribution is simply the binomial distribution (sampling with
replacement); when ¢; #0, ¢, =0, this urn model reduces to the classical
Polya-Eggenberger urn model [4]; and when ¢, =0, c,=w+b, then
this urn model generates the normalized uniform B-spline basis functions
(see Section 5). Although, in general, there are 4 independent wurn
parameters—w, b, ¢, c;,—we shall show below that the probability of
selecting exactly K white balls in the first N trials always depends on only
the following 3 parameters:

t=w/{w+ b) = probability of selecting a white ball on the first trial;

a, =c/{w+ b)=percentage of balls of the same color added to the
urn after the first trial;

@, = c,/(w+ b) = percentage of balls of the opposite color added to the
urn after the first trial.

Now we shall be particularly interested in investigating what happens when
we hold a,, a, fixed and allow ¢ to very. Therefore we introduce the follow-
ing notation.

D¥(t)y= D%(ay, a,, t)=probability of selecting exactly K white balls
in the first N trials given initial conditions
a, a,, t;

D\(t)y=Dyla,, a,, t) =probability distribution consisting of the
functions D{/(¢), ..., D(t);

s{(ty=s%(ay, a,,t) =probability of selecting a white ball after
selecting exactly K white balls in the first N
trials;

SR =f¥ay,a,,t) =probability of selecting a black ball after
selecting exactly K white balls in the first ¥
trials;

Sy(t)=Sx(ay, a,,t) =a priori probability of selecting a white ball
on the Nth trial;

M¥(ty=MY(ay, a,, t)=rth moment of the probability distribution
D (1)

= > K'DY(1).
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2.1 Probability Distributions

For any fixed values of a,, a,, the functions D{(¢), ..., D¥(¢) form a
discrete probability distribution because they represent the probabilities of

ProrosiTION 2.1.1.

Y DH(t)=1 D¥r=0, 0<i<l.
K

ProposITION 2.1.2.
FRO+s¥H=1  fR(0),s¥1)=0, 0<s<L

N+ 1 mutually exclusive events one of which must occur. Similarly f¥(¢),
s¥(t) represent the probabilities of two mutually exclusive events one of
which must occur. Since by definition 0 <z=w/(w+b)<1, we have the
following basic results.

2.2 Symmetry

There is symmetry in our urn model between white balls and black balls
because whatever action we take when we select a white ball we take a
symmetrical action when we select a black ball. Therefore if DZ¥(¢)
represents the probability of selecting exactly K white balls in the first N
trials, then by symmetry D%¥(1 —¢) must represent the probability of
selecting exactly K black balls in the first N trials. Similarly if s¥(¢) (f%(t))
represents the probability of selecting a white (black) ball after selecting
exactly K white balls in the first N trials, then by symmetry s¥(1—1)
(f¥(1—1)) must represent the probability of selecting a black (white) ball
after selecting exactly K black balls in the first N trials. These simple
observations lead directly to the following important results.

PrOPOSITION 2.2.1. DX(t)=D¥_(1—1).
ProPOSITION 2.2.2. sR(t)=fN_x(1—1),  fR(t)=sN_(1—1).

2.3 Some Explicit Formulas

It is easy to derive explicit formulas for the functions s¥(z), f¥(¢). Indeed,
we have the following general results.

ProposiTION 2.3.1.

SN(I)_t+Ka1+(N—K)a2
T 14 N(a, + ay)
(1-t)+(N—K)a, + Ka,

1+ N(a, +a,)

k()=
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Proof. Consider the contents of the urn after selecting exactly K white
balls in the first N trials. By definition

number of white balls in urn
total number of all balls in urn

sx(1) =

_W+KC1+(N"‘K)C2
 w+b+N(c, +c,)

Dividing numerator and denominator by w -+ b, we obtain

t+Ka,+(N—K)a,

N —
= Na 72

A similar argument (or simply the fact that f%(¢) + s¥{(¢) =1) shows that

(I-t)+(N—K)a,+Ka,
1+ N(a; +a,) '

)= QED.

In some special cases it is also possible to obtain explicit formulas for
DZ(1). For example, if an urn initially contains only white (black) balls
then a white (black) ball must be selected on the first trial. This simple
observation leads to the following result.

PROPOSITION 2.3.2.
DY(1)=0 N>0
DY¥(0)=0 N>0.

More generally, we have the following formulas for D{(r), D¥(¢).

ProprosiTION 2.3.3.

N = = (s G
Do(l)—KI;IOfo(l)—Kl—:[G(1+K[a1+az:!)

N *N~1 —~N—1 ([‘I"Kal)
DN(I) B Kl;l() Sllg(t)_ Kl—-;[o (1 +K[a1 + az}).

Proof. To select exactly 0 white balls in the first N trials, we must select
a black ball on every trial. Therefore

X _N~1 . _Nfl (1—t+ Ka,)
Do(t)~K];[0fo(f)‘KI=Io(1+K[a1+az])'
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Similarly to select exactly N white balls in the first N trials, we must select
a white ball on every trial. Hence

PN = = (t+ Ka,)
Di(1) = KEIO sK(n) = Kl;[ﬂ e PR QED.

When a, =0, we can calculate D¥(z) explicitly for every K.

ProprosITION 2.34. If a,=0, then

o [N\t (t+[K—11a)(1—1) - (1—t+[N—K—1] a,)
D"(”“@) (+a) (AT [N=11a) '

Proof. By Proposition 2.3.1 when a, =0, we have

t+Ja
Sf(t)=1+Lall
(l-=8+(L—J)ya

Now there are (%) ways of selecting exactly K white balls in the first N
trials. To calculate the probability of any one particular way, we must mul-
tiply together K success factors of type s%(r) and N — K failure factors of
type f4(z) where for each L either s%(¢) or f4(#) must appear but not both.
Now J=0,1,.,K, L=0,1,.,N—1, and L—-J=0,1,.,N—K—1.
Therefore, collecting all these factors, we obtain

DN(1) = t-((+[K=1)a)(1—1)---(1—t+[N—K—1]a,)
* _(9 (1+a,)--(1+[N—1]ay) '

Q.ED.

COROLLARY 2.3.5. Ifa,=a,=0, then
N
DY) = (1 -V -k
20) ( K) (1—1)

The case a,=0 is the classical Polya—Eggenberger urn model, and the
case a, = a, =0 is, of course, just the binomial distribution. When a, #0, it
is not so easy to derive facile explicit formulas for the functions D¥(z). In
these cases we must resort to a simple recursion formula which we shall
derive in the following section.
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2.4 The Recursion Formula

The following simple recursion formula is fundamental to the
investigation of urn models.

ProposiTioN 2.4.1. DTty = f¥(r) DE(e) + s%_ (¢) DE_ (1)

Proof. In order to select exactly K white balls in the first N+ 1 trials,
we must select either exactly K or exactly K — 1 white balls in the first N
trials. Thus the probability of selecting exactly K white balls in the first
N+1 trials [DY+1(¢#)] is equal to the sum of the probabilities of two
mutually exclusive events.

1. The probability of selecting exactly K white balls in the first &
trails [D¥(¢)] and then selecting a black ball on the N+ 1st trial [ f¥(2)].

2. The probability of selecting exactly K — 1 white balls in the first &
trials [D¥_,(z)] and then selecting a white ball on the N+ Ist trial
[sk—1(0].

Translating English to Algebra yields our result. QED.
If g, =a,=0, then
M)=1—1
s ()=t

D)= (1—1) Di(t) + 1DF_ (1),

This recursion formula is, of course, just the standard recursion formuia for
the Bernstein polynomials (binomial distribution).
fa, =0, a,=1, then

won 1—1+K

FU =5

N t+N+1-K

)=y

Natpn U=t +K) o (t+N+1-K) .
DY ==y RO+ PR

Now this recursion formula is actually just the Cox—de Boor recursion
formula for B-splines in its simplest form (see Section 5). ‘

Since we have explicit formulas for the functions f%(¢), s¥(¢)
(Proposition 2.3.1), and since by definition

Di(t)=1—1,
Di(t)=1,
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we can use the recursion formula to calculate D¥(¢) for any values of K, N.
Moreover it follows from the recursion formula and induction on N that
D?¥(t) is a degree N polynomial in ¢ which depends only on a,, a,, t, K, N.
Thus we can state the following corollary.

COROLLARY 24.2. The functions DJ}(t),..,D¥(t) are degree N
polynomials in t. ‘

In the next section we shall show that the N+1 polynomials
DJ(1), ..., DN(t) actually form a basis for all the degree N polynomials in .

2.5 Expectation and Higher Order Moments

In this section we shall study the N+1 moments M{(¢), .., M¥(t).
Explicit formulas for these moments when a,=0 are given in [13]. Here
we shall examine the general case. To begin with M{(z), notice that we can
restate Proposition 2.1.1 in the following manner.

ProposITION 2.5.1. MY(¢)=1.

The first moment, MY(¢1)=3>¥_, KD%(z), is the classical expectation of
the distribution D y(z). Therefore we have the following general result.

PROPOSITION 2.5.2. MY(t)=X%_, Sk(1).

Proof. Simply observe that the expectation of several disjoint random
events is just the sum of the expectations of each individual event and the
expectation of a single random event is simply the probability of that event.
Therefore, in our case, the expected number of white balls selected in the
first N trials must be equal to the sum of the a priori probabilities of
selecting a white ball in each of the first N trials. QED.

COROLLARY 2.5.3. Sy, (f)=MY+1(t)— MY(1).

Thus the problem of computing the moments M¥(¢) is equivalent to the
problem of computing the a priori probabilities S (?).

PROPOSITION 2.54. Sy, 1= . s¥(t) DY¥(1).

Proof. The a priori probability of selecting a white ball on the N + Ist
trial is equal to the sum of the probabilities of all the possible, mutually
exclusive, ways of selecting a white ball on the N+ 1st trial. But the only
possible ways in which we can select a white ball on the N+ 1st trial are
first to select N balls some number K of which are white [ D¥(¢)] and then
to select a white ball on the N+ 1st trial [s¥(2)]. Q.ED.
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PROPOSITION 2.5.5.

t+Na2 + (al "‘az) Miv(l)

SN+1(t)= 1+N(a1+a2)

Proof. By Proposition 2.54 and 2.3.1,

Sy 41(1) ZSZ(I)DNU)

_ t+Ka+(N—K)a,
*Z[ 1+ N(a, + a,) ]D%(’)

K

Z+Ntl2 N a;,—a
- [1 + N(a, + az)] % Dt + [1 + N(a, + az)J 2 KD
1+ Nay+(a;—ay) M{(1)
N 1+ N(a; + a,) '

QED.

COROLLARY 2.5.6.

MNH(I)___Z+Na2+[1+(N+1)a1+(N-—1)a2] M{V(t).
! ) 1+N((11+a2)

Proof. This result is an immediate consequence of Corollary 2.5.3 and
Proposition 2.5.5.

CoroLLARY 2.5.7. There exist constants py, q, such that

MY(t)=pnt+qn
(i) py>0
(i) gn=0
(i) py+2gy=N.
Proof. By induction on N. Certainly this result is true for N=1 since

M(¢t)=1t Now it follows easily from Corollary 2.5.6 and the inductive

hypothesis that M¥(t) is linear in z. Therefore there exist constants py, g
such that

MY(t)=pyt+qy.
Moreover, again by Corollary 2.5.6, we have the recursion formulas
1+ N(a,+a,)

Na),+(1+(N+1)a, +(N*1)a2)qN
1+ N(a; +a,)

N+17™=

Grn+1=
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Therefore it follows easily by induction on N that
py>0
qn=0.

Finally from the recursion formulas and the inductive hypothesis

Pni1t2qni1=

1+ N(a, +a,)
_14+2Na,+(1+(N+1)a, +(N—1)a,)N
B 1+ N(a, +a,)
_(N+1)+(N+1)Na,+(N+1) Na,
- 1+ Na, + Na,
=N+1 Q.ED.

For the binomial distribution, and more generally for the Polya-
Eggenberger urn model, we have the following more special results.

COROLLARY 2.5.8. If a,=0, then for all N

(1) spt)=1,
(il) M¥Y(t)=Nt.
Proof. Again these results follows easily by induction on N. Indeed

these results are ciearly valid for N=1. Moreover by the inductive
hypothesis, Proposition 2.5.5, and Corollary 2.5.3

SN+1(t) =1
MY+ =(N+1)e Q.E.D.

If a,=0, then by Corollary 2.5.8 the a priori probability of selecting a
white ball on any trial is the same as the probability of selecting a white
ball on the first trial. This result is obvious when a; = a, =0 (binomial dis-
tribution) since in this case the contents of the urn are the same for every
trial. Tt is rather remarkable, though well known [2], that this result is still
valid even when g, #0 and the contents of the urn vary from trial to trial.
Even more astonishing is the following result.

COROLLARY 2.59. Ifa,=1+a,, then
(i) Sx(t)=t N=1
=1/2 N#1,
(i) MY(t)=t+(N-1)/2
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Proof. Same as Corollary 2.5.8.

If a, =1+ a;, then by Corollary 2.5.9 the a priori probability of selecting
a white ball on any trial after the first is always exactly 1/2. This extraor-
dinary result suggests that these particular distributions may have other
remarkable properties. We will return to study these special distributions
further in Section 4.

By Proposition 2.5.1 the zeroth moment, M{(¢), is simply a constant,
and by Corollary 2.5.7 the first moment, M¥(z), is always a linear function
in t. We shall now generalize these results to higher order moments. We
begin with a recursion formula which expresses the *th moment of D, (¢}
in terms of the first r moments of D (¢).

ProposiTION 2.5.10 (Recursion Formula for Moments).

- (V+na+ (V=r)ay]
1+ Na, +a,) ]M'm

(e (2ot | 5(0)-(, ) e M)

14+ Na; +a,)

Mﬁ“l(z){

r—1
+ 3
i=1
+ t+ Na,
1+ N(a, +a,)
Proof. By Propositions 2.4.1, 2.3.1, 2.1.2,
MiVH(t):Z K’D%”Ll(l)

K

=Y Kf¥t) DY)+ ) K's¥ (1) DY_ (1)
K K

=Y K'DY() + Z [(K+ 1) — K] si(1) DR(1)

aen = t+Ka,+(N—K)a> | i
=M+ ,g'o%(l)[ 1+ N(a, +a,) ]KDK(t)

L ( )(r+Na2)

=M+ Z T+ N, T o))

()@

* Z T+ Nar 1 a3)

M7(r)

M (1)
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|1+ (N+r)a,+(N~r)a, "
_[ 1+ N(a, +a,) ]M’(t)
¥ r r r
t+ a;+| N — a
5 <z) <i—1>1 { <,) (:-_1)} i .
i ,Zzl 14+ N(a, + ay) M)
t+ Na, QED

1+ N(a,+a,)

Notice that Corollary 2.5.6, the recursion formula for expectation, is just
a special case of the general recursion formula for moments. As additional

consequences of this general recursion formula, we have the following
results.

CorOLLARY 2.5.11. If 0<r< N, then there exist constants p™-', .., pN:©
such that

MY(@W)=plrt+ -+ p°
i pl>0

N
Yo [1+K(a; +a,)]

(i) py¥=
(i) p}'=0.
Proof. By induction on N. Certainly by Proposition2.5.1 and

Corollary 2.5.7 this result is true for N=1. Moreover by the recursion
formula and the inductive hypothesis if 0 <r < N, then

vty LI+ (N+1r)a;+(N=r)a,] Piv’r+rpivirl_1>0
pro = 1+ N(a, + a3)

pNELNSI - (N+1) N, N
N+1 L+ N(a,+a,) "

(N+1)!
2:0 [1+K(a, +a2)]'

Similarly since each term in the recursion formula is non-negative
pYi=0. Q.ED.

CoROLLARY 2.5.12. The N+ 1 momenis MY(t), .., MYN(t) are a basis for
the degree N polynomials in t.
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COROLLARY 2.5.13. The N+ 1 distribution functions D{(t), ..., DY(t) are
a basis for the degree N polynomials in t.

2.6 Conjectures Concerning the Laws of Signs

For any finite sequence of real numbers C = (cg, ..., cy), et z(C) denote
the number of zeroes and v(C) denote the number of sign changes ignoring
zeroes in C. That is, set

z(¢g, ..., € ) =number of zeroes in (cg, ..., Cy)

v{cg, - € x) = number of sign alternations in (cg, ..., Cy)-

For a continuous real-valued function g, define the number of zeroes z(g}
and the number of sign changes v(g) in the interval (e, &) by setting

z(g)=sup z[ g(co), -, glen)]
U(g) = Sup U[g(CO)5 R g(CN):%f

where the supremums are taken over all finite sequences
a<cy< --- <cy<b. By continuity it follows that in any interval

v(g)<z(g).
An ordered collection of continuous functions Fo(z), ..., Fu(?) is said to

satisfy the Weak Law of Signs in the interval (a, b) iff for every sequence of
constants cg, ..., Cp

v [Z cKFK(t)] <(Cy, v Cn)-

Similarly an ordered collection of continuous functions Fy(t), ..., Fp(?) is
said to satisfy the Strong Law of Signs, or Descartes’ Law of Signs, in the
interval (a, b) iff for every sequence of constants cq, .., ¢, Cx not all zero,

z [Z cKFK(t)] L0{Cg, vy Cn)-
By continuity it again follows that in any interval

v [Z cKFK(t)] £z [Z cKFK(t)].

Therefore in any interval

Strong Law of Signs = Weak Law of Signs.
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It is also obvious from our definitions that
Strong Law of Signs = Linear Independence.

Thus linear independence is a necessary, but not a sufficient, condition for
a sequence of functions to satisfy the Strong Law of Signs. A necessary and
sufficient condition for the functions Fy(?), .., Fy(¢) to satisfy the Strong
Law of Signs is that for any sequence a<fy<if; < --- <ty<b the KxK
subdeterminants of

Fo(tg) <+ Fylto)

FO('tN) : "FN(.tN)

are of 1 strict sign [12].

It is easy to show that if ¢, =a,=0 (binomial distribution), then the
functions DJ(¢), ..., D¥(t) satisfy the Strong Law of Signs in the interval
(0, 1) [11], and this result remains valid if a;#0, a,=0 (the Polya—
Eggenberger urn model) [7]. In addition, the functions DJ(z), ..., DN(?)
are known to satisfy the Strong Law of Signs in the interval (0, 1) when
a,; =0, a,=1 (uniform B-splines) and this result remains valid when a, =0,
a, # 1 (non-uniform B-splines) [12]. These special cases, together with the
fact that by Corollary 2.5.13 the functions DJ(), .., D¥(¢) are linearly
independent for all values of a,, a,, prompt us to propose the following
conjectures.

Conjecture 2.6.1. For all positive finite values of a,, a,, the ordered set
of functions DJ(¢), .., D¥(t) satisfies the Weak Law of Signs in the interval
0, 1).

Conjecture 2.6.2. For all positive finite values of a,, a,, the ordered set
of functions DJ (1), ..., D¥(t) satisfies the Strong Law of Signs in the interval
(0, 1).

Clearly
Conjecture 2.6.2 == Conjecture 2.6.1

but, as yet, we know of no proof, probabilistic or otherwise, for either
general conjecture. However, there is some numerical evidence for
Conjecture 2.6.2. Heath has written a computer program to compute
subdeterminants of matrices of the form

D{(t,) --- DN(to)

Di(ty) - Di(ty)
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He has tested several hundred random numerical examples and in all cases
has found that the K x K subdeterminants were indeed of one strict sign
[9]. We shall discuss the geometric significance of these conjectures further
in Section 3.5.

2.7 Some Simple Limits

In this section we shall study the behavior of the probability dis-
tributions D ,{a,, a, t) as either a, or a, or both approach infinity. For
each of our results we shall give both an intuitive and a rigorous argument.
The reason for this apparent overkill is that our rigorous demonstrations
are based on the recursion formula and follow by induction on N. Now
induction is a fine technique for proof, but not for discovery. Our non-
rigorous intuitive arguments provide the insight and motivation which are
lacking in the inductive proofs.

To begin, consider what happens to the functions ff{a,,a,, ),
s¥ay, a,, t) as a, approaches infinity. Let ¢,, the number of balls of the
same color added to the urn after each trial, be very large compared to the
other urn parameters c,, w, b. Then after selecting exactly K white balls in
the first N trials, the urn will contain approximately K¢, white balls and
(N — K) c; black balls. Therefore when a, is large.

- fMay, ay, t)x (N—K)/N
s¥ay, a,, t)~ K/N

and these approximations become more exact as a, (and hence c;)
approaches infinity. This argument suggests the following lemma.

LemMma 2.7.1.
Lim f¥(a,,a,,t)=(N-K)/N
aj — o©
Lim s¥(ay, a,, t)= K/N.
ap — oo

Proof. By Proposition 2.3.1

: . (1=0)+(N-K)a, +Ka,
N, =
al;_‘inc}c fK(alaa27 t) HI;‘LIEO 1+N(Gl;+az)

=(N—K)/N

| . t+Ka,+(N—K)a,
N = L
o2, SR 0 0= L T N )

=K/N. QED.

040/54/1-2
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Now consider what happens to the functions f¥(a,, a,, t), s¥(a,, a,, t) as
a, approaches infinity. Let ¢,, the number of balls of the opposite color
added to the urn after each trial, be very large compared to the other urn
parameters ¢, w, b. Then after selecting exactly K white balls in the first N
trials, the urn will contain approaximately (N — K) ¢, white balls and Kc,
black balls. Therefore when a, is large

f¥lay, a5, )~ K/N
S%(ala as, [)% (N_K)/N

and again these approximations become more exact as a, (and hence c¢,)
approaches infinity. This argument suggests the following lemma.

Lemma 2.7.2.
Lim f¥(a,, a5, t)=K/N=f¥-10,1,1)
ay — O
Lim s¥(ay, a,, t) = (N—K)/N=sY=1(0, 1, 1).
a — o0 !

Proof. By Proposition 2.3.1
(1 —t)+(N'-‘K) al+Kaz

Lim f#¥(a,,a,, t)= Lim

ay — o ay— o 1+N(a1+a2)
—K/N
=¥, 1, 1)

. _ t+Ka,+(N—K)a,
Lim s¥(a,, a,, {)= Lim
aj)— K( 12 ) ay - 1+N(a1+a2)

= (N—K)/N
=s¥-1(0, 1, 1). QED.

Finally let us consider what happens to the functions f%(ay, a,, t),
s¥(ay, a,, t) when both a,, a, approach infinity. Suppose a,=a,+ p for
some fixed constant p. Let ¢,, the number of balls of the same color added
to the urn after each trial, be very large compared to w, b, p. Then since
a,=a;+ p, c;~c;. Therefore after each pick an equal number of balls of
each color must be added to the urn. Hence after N trials the urn will
contain approximately Nc¢,; white balls and Nc, black balls. Thus when a;
is large
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Nc¢
N(ay, @y, 1) X =1/2
Silay, ay, 1) ING, /

Ne
siayg, ay, ) = 2Nc11 =1/2

and as usual these approximations become more exact as a; (and hence ¢,)
approaches infinity. This argument suggests the following lemma.

Lemma 273, Let p be a fixed constant, and let a,=a, + p. Then
Lim f¥(ay, ap, )=1/2=f(1/2,1/2,1/2)

ay — ©

Lim s¥(a,, a5, )= 1/2=s¥(1/2, 1/2, 1/2).

ay— ©

Proof. By Proposition 2.3.1
(1-t)y+(N—K)a,+Ka,

Lim f¥(a,,a,,t)= Lim

aj— ¢ a; — oo 1+N(01+02)
- Lim -+ (N—K)a,+ K(a, + p)
ay - o 14+ NQa,+ p)
—12

=fx(1/2,1/2,1/2)

) . (—t+Ka,+(N-K)a,
Lim s%¥(a,, a,, )= Lim
611—>OOSK(a1 az ) a) — o0 1+N(al+az)

_ L tHKa (V= K)(a + p)
a; — 1+N(2a1+p)

=12
=s¥(1/2, 1/2, 1/2). QED.

Now let us consider what happens to the probability distributions
Dylay, a,, t) as a, approaches infinity. Let ¢, >>¢,, w, b. Then after the
first trial almost all the balls in the urn will be of the same color as the ball
selected on the first trial. Therefore, with a probability approaching 1, ali
the -balls selected on subsequent trials will be of the same color as the
ball selected on the first trial. Hence when a, is large

Dl(ay, a,, )~ probability that the ball selected on the first trial is
black

=1—¢
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D¥(ay, a,, t)= probability that the bali selected on the first trial is
white
=1
D¥(a,, a,, t)=0, K#0, N
and these approximations become more exact as a, (and hence ¢,)

approaches infinity. This argument suggests the following proposition.

PROPOSITION 2.74.
Lim D¥(ay,a,,8)=1—1¢ K=0
o =0 K#0,N
=t K=N.
Proof. By induction on N. Certainly this result is true for N =1 since
Di(a;,ay, t)y=1—1¢
Di(ay, ay, t)=t
are independent of a,, a,. Now by Proposition 2.4.1 and Lemma 2.7.1

Lim D¥+Y(¢)= Lim f%(ay, a,, t) D¥(a,, a,, t)

dap— ag — oo

Lim s¥_ (a,, a5, t) DY_(a;, a5, 1)

ag — o
N—-K) _.
=( ) Lim D¥(a,, a,, t)
K—-1) _.
+( ) Lim D¥_ (a4, a,, t).

aj — co
Therefore by the inductive hypothesis

Lim DY*'(f)=1—¢t K=0

ay — oo
=0 K#0,N
=t K=N. Q.E.D.
Now consider what happens to the probability distributions
Dy(a,, a,, t) as a, approaches infinity. Let ¢, >>¢;, w, b. Then after the

first trial almost all the balls in the urn will be of the opposite color to the
ball selected on the first trial. Therefore, with a probability approaching 1,
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the ball selected on the second trial will be of the opposite color te the ball
selected on the first trial. Hence if N> 1, it is not possible to select balls of
.only one color. Therefore when q, is large

D¥(ay, a,, )= 0 K=0,N

and these approximations become more exact as «, (and hence c,)
approaches infinity.

To analyze the cases where K#0, N, consider the contents of the urn
after the first two trials. The fact that balls of the opposite color are
necessarily selected on the first two trials leads to the following diagram.

w white ¢, white
b black 0 black
cy;>>c, Wb 4=0

1

a,>>ay,t 2 picks 1pick/ a,=1
t =w/(w+b) x = =1
¢, white
¢, black
a1:0
(12=%
t=1

Therefore, by inspection, when a, is large
D¥(ay, a,, 1)~ DY=3(0, 1/2, 1/2)
=DY¥ 10,1, 1)

and this approximation becomes more exact as a, (and hence c,)
approaches infinity. These arguments suggest the following proposition.
ProPOSITION 2.7.5. If N> 1, then
Lim D¥a,,a,, )=D¥-1(0,1,1) K#0,N

a— ©
=0 K=0,N.

Proof. By induction on N. It is easy to verify this result directly for
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N=2. Now by the inductive hypothesis, Proposition2.4.1, and
Lemma 2.7.2

Lim D%“(aly, a,, ty= Lim f¥(a,, a,, t) D¥(a,, a,, t)

a; — a;— ©

+ Lim s¥ _(a,, a,,t) D¥_,(a;, a,, 1)

as —» o
= FE-10,1, 1) DY1(0, 1, 1)
+s¥-10, 1, 1) D¥-10, 1, 1)
=DN(0, 1, 1), ' QED.

By Proposition 2.7.5 it follows that the functions D¥(a,, a,, t) approach
constant values independent of ¢ as a, approaches infinity. Moreover, these
constants are the values at =1 of the distribution for which a, =0, a,=1.
As we shall see in Section 5, these constants are particularly interesting;
indeed they are actually the values at the knots of the uniform B-spline
basis functions.

Finally let us consider what happens to the distributions D y(a;, a,, ) as
both a,, a, approach infinity. Suppose that a,=a,+ p for some fixed
constant p. Let ¢, >>w, b, p. Then ¢, ~ ¢,. Therefore after the first trial, the
urn will contain approximately equal numbers of white balls and black

balls (see diagram).
w white
b black

a,xa,
Ist pick = black L—z £\ lstpick=white
¢, white ¢; white
¢, black ¢, black
t=a;=a,=%
K white balls in K — 1 white balls in

next N — 1 trials next N — 1 trials
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Therefore by inspection
D¥(ay, ay, )~ (1—1) DY-1(1/2, 1/2, 1/2) + tDE-1(1/2, 1/2, 1/2)
and this approximation becomes more exact as a; (and hence c,}
approaches infinity. This argument suggests the following proposition.
PrOPOSITION 2.7.6. Let p be a fixed constant, and let a,=a, + p. Then

Lim D¥(ay, ay, )= (1 —¢) DY~ 1(1/2, 1/2, 1/2) + tD¥= H1/2, 1/2, 1/2).

ay — ¢
Proof. By induction on N. Certainly this result is true for N=1, Now
by the inductive hypothesis, Proposition 2.4.1, and Lemma 2.7.3

Lim D¥*May, a,, t)
ay — o0

= le fﬁ(al’ as, t) D%(ah a, l)

ay— o

+ Lim s¥_(ay, a5, 1) DE_(ay, a;, 1)

—1/20(1— 1) DY~ 1(1/2, 1/2,1/2) + tDY¥ - }(1/2, 1/2, 1/2)
+12[(1— 1) DY=1(1/2, 1/2, 1/2) + tDY=X(1/2, 1/2, 1/2)]
=(1—0) [f¥"(1/2,1/2,1/2) DE~*(1/2, 1/2,1/2)
+s¥o1(1/2, 172, 1/2) DY (172,172, 1/2)]
[ FY-N1/2,1/2,1/2) DE-1(1/2, 1/2, 1/2)
+s¥-3(1/2, 172, 1/2) DY-3(1/2, 172, 1/2)]
=(1—1) DX(1/2, 1/2, 1/2) +tDY_ (172, 1/2, 1/2). QED.

Now we can compute DZX(1/2,1/2,1/2) by the following intuitive
argument. Consider an urn initially containing 1 white ball and 1 black
ball. Then r=1/2. Now if a,=a,=1/2, then ¢, =c¢,=1. Therefore after
each trial 1 ball of each color will be added to the urn regardless of which
color is selected. Thus the urn will always contain an equal number of
white balls and black balls. Hence the probability of selecting a white
{black) ball on any trial is always precisely 1/2. That is, this urn models the
binomial distribution with ¢ = 1/2. Therefore

DY(2, 12, 1/2) = (2’) (1/2)% (1/2)"

=(1/2)" (Z)

This argument suggests the following proposition.
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ProposiTION 2.7.7. D¥(1/2, 1/2, 1/2) = (1/2)¥(¥).

Proof. By induction on N. Certainly this result is true for N=1. Now
by the inductive hypothesis, Proposition 2.4.1, and Lemma 2.7.3

DYY(1/2,1/2, 1/2) = £34(1/2, 1/2, 1/2) DX(1/2, 1/2, 1/2)
+s¥_,(1/2,1/2,1/2) DY_ (12, 1/2, 1/2)

=1/2(1/2)" @) +1/2(1/2)" (K]j 1)

=(1/2)"*! [(]IZ)"_(K]Xl)]

=(1/2)¥+! (N; 1>. Q.ED.

CoroLLARY 2.7.8. Let p be a fixed constant, and let a, = a, + p. Then

Lim D¥ay, a,, t)=(1/2)" " [(N; 1) (1 —z)+(];{[: i) z].

ag —+ 0

2.8 Derivatives

By Proposition 2.3.4 when a,=0 we have explicit formulas for the
functions DZ(¢). Therefore when a, =0 it is no trouble at all to calculate
the derivatives of these functions. This is not the case when a, #0. In this
section we shall develop formulas for the derivatives of the functions D¥(z)
when a,=0, a,>0.

Throughout this section we shall adopt the following notation

dy=dn(a,) =1+ Na,.

Notice that by Proposition2.3.1 if @, =0, then d, is simply the
denominator of f¥(t), s¥(t). Therefore

dfx_—1
dt  dy
dsg _ 1
dt  dy

Notice too that
a,=0=dy=1

a,=1=dy=N+1.



URN MODELS 23

LemMa 28.1. Ifa, =0, then

()=

N I(t)

1 -
sEo1().

d
saﬂ=;“

N

Proof. This result follows easily from Proposition 2.3.1.
ProrosITION 2.8.2. I a,=0, then

dD¥ N
DN~1 N-—-1 .
i —dN—l[ x_1(6)=DE )]

Proof. By induction on N. This result is easy to verify directly for
N=1. Now by Proposition 2.1.2, Lemma 2.8.1, the recursion formula
(Proposition 2.4.1), and the inductive hypothesis

dDN+1 di ds¥ _
£ D0+ gtlDZq(t)
dDN dD¥
N K N K-
) =S+ s () —
DY_ (t)—-DXt
DO [ 2 (- g |
dy dy_1

#5i0)]  (OE 40 = DY) |

_D¥_(t)—Dx(1)
_*hﬂgy___

d [f%-1(0) DX (1) +5%_ (1) DX=5(1)]
N1

N

N—-1

[FR@) DY~ (1) +s¥(1) DE=1(1)]

d [ +s2(1) = (FE_ () + s8] DXTi(0)
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_DY_,(0)=DY(®) N

N i LARZ1(0) DEZ (1) +s325(6) DEZ5(1)]

—% [F2=1(r) DY=1(0) + 52 1(1) DY- ()]
_DY_ ()= DY)

dy

_(N+1)
==

N
. [DX_,(t)—DE(1)]

[DX_,(1)— D¥(1)]. : QED.

CoroLLARY 2.8.3 (Bernstein Polynomials). If a;=a,=0, then

dpy
— = NIDEZi(0—-DE ()]

CoroLLARY 2.8.4 (Uniform B-Splines). If a; =0, a, =1, then

dD¥
— =D {0 =D ().

When a,=0, Proposition28.2 gives us a simple formula for the
derivative of the functions D%(z) in terms of the functions D¥~'(¢). This
formula is not valid when a, #0, a,=0 as can be checked quite readily
from Proposition 2.3.4. However, in this case the derivative can be
computed explicitly. When a; # 0, a, #0 we know of no simple method for
computing the derivatives of D¥(z).

Proposition 2.8.2 can be extended in the following manner.

ProPOSITION 2.8.5. If a,=0, then

dpD%_N(N—l)(N_P_}_l) . » v
di” " dy_idy_ i dy_, 2 (=1) <j)DKj(z).

J
Proof. This result follows easily from Proposition 2.8.2 by induction

on p.

CoROLLARY 2.8.6 (Bernstein Polynomials). If a,=a,=0, then

d’D¥
dr?

p
J

=N(N—1)---(N—p+1)2(—1)””( >D%:}’(t).
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CoroLLARY 2.8.7 (Uniform B-splines). If a; =0, a,=1, then

a’rDy P\ nn-»p
=20 () prrn

The summation in Proposition 2.8.5 and its corollaries need not always
be taken from j=0 to j= p. In fact since

D¥(t)=0 K<0or K>N,

the summation is really just from j=max{K+ p— N, 0) to j=min(X, p).

3. APPROXIMATIONS

Let g(1) be a continuous reai-valued function defined on some interval /
and let D,(¢) be any one of the distributions described in Section 2. Define
a linear functional D,: C[I]— C[0, 1] by setting

Dy[gl(1) =7 gleX) DX(t)
K
for some constants e¥, K=0, 1, .., N in the domain of g(¢). Since we are
free to choose the constants ef any way we please, we shall choose them so

that linear functions are exactly reproduced. Recall from Corollary 2.5.7
that there exist constants p,, g, such that

MY(t)=) KDY(t)=pnt+qn
(i) pn>0
(i) qn=0
(i) py+2gy=N.

Assume that 12 [ —qu/px, (N—qy)/pa] and set

ex=(K—qn)/px-

Notice in particular that by Corollaries 2.5.8, 2.5.9
a,=0=>e¥=K/N,
a,=1+a,=ef=02K+1—-N)/2

Now it follows immediately from Proposition 2.1.1 and Corollary 2.5.7 that

Dy[1]=1
Dy[t]=1t
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By Corollary 2.4.2 the function D[ g](¢) is a polynomial in ¢ of degree
less than or equal to N. Moreover by Corollary 2.5.11 if g(¢) is a
polynomial of degree r, 0 <r< N, then D,[ g](¢) is also a polynomial of
degree r. For reasons which will soon become clear, we shall regard the
functions D,[ g](¢) as polynomial approximations to the function g(t).
Indeed when D ,(¢) is the binomial distribution, the polynomials D[ g]1(¢)
are the usual Bernstein approximations to the function g(¢) on the interval
[0, 1]. The approximations induced by the Polya—Eggenberger urn model
(a,=0) have also been studied by several authors [7, 13, 14]. We now
proceed to investigate the common properties of these rather special
polynomial approximations in more detail.

3.1 Convexity

We begin with some simple consequences of results derived in Section 2.

ProposITION 3.1.1.  For any constant ¢, Dy[c]=c.

Proof. This result is an immediate consequence of the fact that D (¢) is
a probability distribution (Proposition 2.1.1).

PROPOSITION 3.12. D ~lt]=t

Proof. This result is an immediate consequence of Corollary 2.5.7.
COROLLARY 3.1.3. Dy is the identity on linear functions.
ProposITION 3.1.4. If a,=0, then

Dy[£1(0)=g(0)
Dy[g](1)=g(1).

Proof. This result is an immediate consequence of Proposition 2.3.4.

The convex hull of a set S is the smallest convex set which contains S.
Thus the convex hull of a finite set of points {P,, .., Py} is the set

{Z cxPxlexk=>0and Y cx= 1}.
K K

ProposiTiON 3.1.5. graph(D,[ g]1) = convex hull (graph g).
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Proof. By Proposition 3.1.2
graph(Dy[ g1) = {(z, Dyl gl(1)|0<2 <1}
= {(Dy[1(1), Dy[g1(1))10< 1< 1}
= {Z (ex, glex)) DE(1)10<r< 1}

K
< convex hull{(e%, g(e¥))|I0< K< N}

< convex hull (graph g). QED.

By Proposition 3.1.5 the values of D[ g](z) necessarily lie in the general
proximity of the values of g(¢). It is for this reason that we regard the
functions D[ g](z) as approximations to the function g(¢). Later on we
shall show that if a, = 0 collectively the approximations D[ g ](¢) uniquely
determine the function g(z). We shall also show that the graphs of the
approximations Dy[ g](¢) actually mimic the shape of the graph of g(z).

3.2 Symmetry ‘
We begin with a simple observation.

Lemma 321 ef_,=1—¢¥.

Proof. By Corollary 2.5.7 and the definition of ¢¥

l—ef=1—(K-qy)/pn

=PN+QN—K
Pwn
_N—gy—K
B Pwn
=el . QED.

Now let g(z)=g(1—1t). Because of the symmetry of our urn models
(Section 2.2), we have the following general result.

ProrosiTioN 3.2.2. D[ 21(r)= DyL g](2).
Proof. By Proposition 2.2.1 and Lemma 3.2.1
Dy[£1(n) =Y &(e}) DX(1)

=) g(1—e¥) DY)
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=2 gleN_x) DN_x(1 1)
=Y gle}) DX(1— 1)
=Dl gl(1). QED.

3.3 Recursion

The recursion formula

D (1) =f5(6) DR(D) + 5% _1(1) D, (1)

for the distributions D,(¢f) (Proposition 2.4.1) éngenders a recursive
algorithm for the approximations D[ g](¢). Define a triangular array
PL[g](r), 0K K+ L <N, recursively by setting

Pl g1(r)=g(e})
Pilglr) =¥ (r) PE [ g1(r) +sE~*(r) Péi‘x[g](r)-
We shall show shortly that
Pyl g1(r)=Dy[ g1(r).

This recursive construction algorithm is especially useful because it
provides a simple, numerically stable technique for computing the value of
D[ g](r) for any parameter r without the need to compute explicitly the
values of D¥(r), 0S K< N.

To prove that PY[g}(r)=Dxy[g](r), we use a simple inductive
argument.

LemMa 3.3.1. Y Pi[gl(r) DX '(r)=Dy[g](r).

Proof. By Proposition 2.4.1
Y PiLg1(r) DY~ '(r) =Y [/ ¥ ') PRL () + s} Py, [ 1(r)1DY~1(r)
=Y L/X ') DE(r) +s¥= 1) DEZ1()] PRI 1)
=Y. gle}) DX(r)
= DyL£1(r). QED.

LemMma 3.3.2. Y PL[g](r) DX “(r)=Dy[g](r).

Proof. This result follows from Lemma 3.3.1 by induction on L.
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ProposiTioN 3.3.3. PY[ g1(r)=Dy[g1().
Proof. This result follows immediately from Lemma 3.3.2 with L=N.

For the Polya—Eggenberger urn model (a,=0), there exists a second
recursion formula for the distributions D (¢} and this formula begets a
second recursive algorithm for the approximations D,[g](r). Let
0% g](r), 0K K+ LN, be the triangular array defined recursively by
setting

%L g1(r) = glex) = g(K/N)
OxLel(r)=r% '(r) Qk 'L + 55~ '(r) Q%L 1L 81().

We shall show that if a, =0, then
03l gl(r)=Dxlg1(r).

To proceed, we shall need to extend the definitions of the functions f¥(z),
s¥(t), D¥(1) to values of 7> 1 and K> N. We do so simply by adopting the
formulas of Propositions 2.3.1, 2.3.4 for arbitrary values of ¢, K, M.

ProposiTioN 3.3.4 (Recursions). If a, =0, then
DY) = f(0) D) +55(t) DE_ (1 +ay).

Proof. By Proposition 2.3.1

1 -1+ Na,
N —
0=
!
N —
so(0)= 1+ Na,

and by Proposition 2.3.4

v [N\t [K—1]a)(1—1)-- (1=t +[N=K—1]a,)
DK(’)‘GQ T+a) (T IN-1Ta)

D(z).

N —
DK*I(t+a1)_t(N+1—K) K

Combining all these terms, we obtain
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F3@) D) +s5(6) DY _ (1 +ay)
K(1—t—a,)| DX(1)
(N+1 —K)] (1+ Na,)
_[(N+ D(1—t)+(N+1)}(N—K)a,
- (N+1—K)(1+ Na,)
_(N+1)(1—t+[N-K]a)
~ (N+1—K)14 Na))

=[(1—I+Na1)+

| a0

DX(r)
=DY+1(1). QED.

LemMA 3.3.5. Ifa,=0, then

sp(t)=s¥_(t+ay)
f%(t)=f%_1(t+a1)'

Proof. These results follow immediately from Proposition 2.3.1.

ProrosiTion 3.3.6. If a,=0, then
03T g1(r)=DxLg](r).

Proof. By induction on N. Clearly this result is true for N=1. Now
define two piecewise linear polynomials f(2), A(z) by setting

" f(K/N)=g[K/(N+1)] K=0,1,.,N
hK/N)=g[(K+1)/(N+1)] K=0,1,..,N.

Then by construction and Lemma 3.3.5

£legln)=0xLf1(r) 0<K+L<N
“[eln=0%_,[hl(r+a;) 1<K+L<SN+L1L

Therefore by the inductive hypothesis

03[ gl(r)=03[f1(r) =Dy f1(r)
OVLgl(r)=QJ[h1(r+a,)=Dy[h]1(r +ay).

Hence by Proposition 3.3.4
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Q5 '[g1(r)=/5(r) QgL g1(r) +s5(r) QT £1(r)
=f3(r) DyLf1(r) + 55 (r) DyLAY(r + a1)

=Y [f¥(r) D¥(ry+sY(r) DY_ (r+a)] g[K/(N+1)]
=Y g[K/(N+1)]1Dy*(r)

=Dy, [g](r) QED.

The second recursive algorithm for the approximations D[ g](¢) goes
beyond the bounds of probability theory. The construction employs
functions f%(r), sk(r) for which K> L, and the proof resorts to values of
D¥(t + a,) for which ¢+ a, > 1. In neither case is there a clear probabilistic
interpretation for these functions, and yet if we extend the formulas in
Propositions 2.3.1, 2.3.4 beyond the realm in which they were originally
derived, it ail works. This is a somewhat bizarre and unexpected result.

Plgl (r) = QY1g] (r) = g ()

Qllel )

02[9] {r)
7 W
?21g) {r) = 3fal {r)

\

PDial ri = aBlsl (v

0 o %= 9(1)=D,lgl (1)
Polal tr) = Qglgl {r) = g(0) = D, [g] (0}

ollgl ()

Py
@
T

Y 3

Y
Recursive Construction Algorithms for Dy [g] () (N =2, a, = 0)

FiGURE 1

640/54/1-3
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By Proposition 3.1.2 D,[t]=¢ Therefore for the Polya-Eggenberger
distributions, we can illustrate the two recursive construction algorithms
for D[ g](t) geometrically with the simple diagram in Figure 1.

For the binomial distribution

a1=a2=0

fEH = =17

sEHr)y=sk~Yr)=r.

Therefore for the binomial distribution, the two recursive algorithms
depicted above are identical. That is, for the binomial distribution

Qxlgl(r)=Pglgl(r)  forall K, L.

3.4 Unigueness

Corollary 2.5.13 states that the polynomials DY(¢), ..., D(¢) are linearly
independent. This result has the following consequences.

PropPOSITION 3.4.1. Dy[g]l=Dy[h] iff g(e¥)=h(e¥), 0SK<N.

ProprosITION 34.2. If a,=0, Dy[g]l=Dy[h] for all N iff g(t)=h(¢)
for 01,

Proof. Certainly if g(¢) =h(¢) for all ¢, then D[ g]=Dy[#] for all N.
Conversely if a,=0, then e¥=K/N. Therefore by Proposition 3.4.1 1f
Dyl g]l=Dy[h] for all N, then g(r)=h(r) for all rational fractions r.
Hence it follows by continuity that g(z)=h(¢) for all values of 0 << 1.

Q.ED.

We can sharpen the preceding result somewhat as follows.

ProposITION 3.4.3. If a,=0, then for any integer M Dy[ g]=Dy[h]
for all N=M iff g(t)=h(t) for 0<t< 1.

Proof. Same as Proposition 3.4.2.

Thus if a, =0 we can conclude that two continuous functions on [0, 1]
are identical iff their approximations are identical for all sufficiently large
values of N. Hence collectively the approximations D,[ g](¢) uniquely
characterize the function g(#).

3.5. The Variation Diminishing Property

In Section 2.6 we introduced two conjectures concerning the Laws of
Signs. In this section we shall derive some geometric consequences of these
conjectures.
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A linear functional F: C[I]1—- C[0,1] is said to have the variation
diminishing property iff for every function g

v(F[gD <v(g).

Here v is the symbol defined in Section 2.6. Thus intuitively F is said tc be
variation diminishing iff for every function g the number of times the graph
of F[ g1 crosses the r-axis is less than or equal to the number of times the
graph of g crosses the r-axis.

Now let F(z)= (Fy(1), ..., F{t)) be an ordered collection of continuous
real-valued functions defined on the interval [0, 1], and let F{ g be the
linear functional defined by setting

Flg1(1)=}. g(e¥) Fxl1).

Recalling the Laws of Signs from Section 2.6, we have the following general
results.

ProposITION 3.5.1. The linear functional F{ g] is variation diminishing
iff the functions F(t) satisfy the Weak Law of Signs in the interval (0, 1).

Proof. If the functions F(¢) satisfy the Weak Law of Signs in the
interval (0, 1), then by definition

W(FLg])=0 [z gle) FA:)]

<v[g(ex)]
<v(g).
Therefore F[ g] is variation diminishing. Conversely suppose that F[ g] is

variation diminishing. Let ¢, ..., ¢y be a sequence of constants and let g(¢)
be the piecewise linear function on 7 defined by setting

gle})=ck.

Then since F[ g is variation diminishing

v [Z cKFKm] —o(F[g7)
<uv(g)
— o[ g(e)]

=0{(Cy, s Cpy)-
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Therefore the functions F(¢) satisfy the Weak Law of Signs in the interval
(0, 1). Q.ED.

COROLLARY 3.5.2. If the functions F(t) satisfy the Strong Law of Signs
in the interval (0, 1), then the linear functional F[ g] is variation diminishing.

Now Proposition 3.5.1 together with Conjecture 2.6.1 suggest the follow-
ing general conjecture.

Conjecture 3.5.3. For all positive finite values of a,,a,, the linear
functionals D[ g] are variation diminishing.

By Proposition 3.5.1 it follows immediately that
Conjecture 2.6.1 <> Conjecture 3.5.3.

Now Conjecture 2.6.1 (the Weak Law of Signs) is known to be valid when
a, =0 (the Polya—Eggenberger urn model) and when a, =0 (non-uniform
B-splines). Thus Conjecture 3.5.3 (the variation diminishing property) must
also be valid at least in these two special cases. We believe that the
variation diminishing property is valid for all the distributions which arise
from Friedman’s urn model, but, like the Laws of Signs, we know of no
proof, probabilistic or otherwise, for this general conjecture.
Conjecture 3.5.3 can be strengthened in the following manner.

Conjecture 3.5.4. For all positive finite values of a,, 4, and for all linear
functions L

v(Dylgl-L)<v(g—L).

Conjecture 3.5.4 is an immediate consequence of Conjecture 3.5.3 and
Proposition 3.1.3 since by linearity

v(Dylg]l—L)=v(Dy[g—L])<v(g—L)

Conjecture 3.5.4 says that for any straight line L the number of times the
graph of D[ g] crosses L is less than or equal to the number of times the
graph of g crosses L. Thus for any straight line L, D[ g] oscillates about
L less than g oscillates about L. Hence globally the graph of D[ g]
mimics the general shape of the graph of g.

3.6 Limits

In this section we shall investigate the behavior of the approximations
Dylg] as a, or a, or N approaches infinity. We begin with some s1mple
consequences of results derived in Section 2.7.
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ProposiTioN 3.6.1. Lim,, _  Dy[gl(t)= (1 —1) glel) + tg(e).

Proof.  This result is an immediate consequence of Proposition 2.7.4.

ProrosiTioN 3.6.2. Lim,, . Dy[g](r)=2¥_1 g(e¥) DE~1(0, 1, 1).
Proof. This result is an immediate consequence of Proposition 2.7.5.

By Proposition 3.6.1 as a, approaches infinity the function Dy[ g1(¢)
approaches the chord joining the end points of g(s), and by
Proposition 3.6.2 as a, approaches infinity the function D,[ g](¢) reduces
to a constant. Thus when either a, or a, is very large, the functions
Dyl g](t) are not very good approximations to g{¢). But suppose we hold
a;, a, fixed and increase the value of N; what then can we say about the
approximations D[ g](¢)? For the binomial distribution (¢, =a,=0) we
have the following well known result.

ProposiTION 3.6.3 (The Weierstrass Approximation Theorem). If
a,=a,=0, then as N approaches infinity the approximations D[ g1(1)
converge uniformly to the original function g(t).

Proof. See [3].

Thus increasing N makes the approximation better, but increasing a; or
a, generally makes it worse. Now one might hope that for a,, a, fixed the
Weierstrass Approximation Theorem would remain valid; that is, that
eventually N would dominate over a,, a,. However, we shall now show
that this is not the case even for the Polya-Eggenberger distributions
(@, =0).

LemMma 3.64. Ifa,=0, then

N(N—1) 7>+ N(1 + Nay)t
l+a, ’

My(t)=

Proof. By induction on N. Certainly this result is true for N=1.
Moreover by the recursion formula for moments (Proposition 2.5.10), the
formula for expectation when a,=0 (Corollary 2.5.8), and the inductive
hypothesis

1+ (N+2)a,

my (=L v
2t+ay) , n t
TN O TNy
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[1+(N+2)a,JIN(N—1) 2+ N(1 + Na,)1]
- (1+ Na,)(1+a,)

2N(1 +a;) *+ (1 + Na,)(1 +a;)t
(1 + Na, }(1+ay)

_[(N>*+N-2)a;+(N—1)+(2+2a;)] N¢*
- (1+ Na))(1+a,)

N [(N*+2N)a,+ N+ (1+a,)][1+ Na,]t

(14 Na,)(1+a,)

_ (14 Na,)(N+1) NP2+ (N+1)([N+1]a,+1)(1+ Na,)t
B (1+ Na)(1+a))
N+ NP+ (N+1)([N+1]a;+ 1)1
B 1+4a, '

Q.E.D.

ProrosITION 3.6.5. If a,=0, then

o (N—=1)£2+(1+ Nay)t
blrl=——mmray

Proof. This result is an immediate consequence of Lemma 3.6.4. It is
also proved by an alternate method in [13].

PROPOSITION 3.6.6. If a, =0, then

. tz+a1t
Lim D,[#]= .
N> oo N[ ] 1+a1

By Proposition 3.6.6 the Weierstrass Approximation Theorem fails to
hold for the Polya—Eggenberger distributions even for as simple a function
as g(t)=1>. Nevertheless by Proposition 3.4.3 the approximations
D,[g](2), N= M, still uniquely determine the function g(z) for 0<r< 1.

3.7 Derivatives

For approximations induced by urn models with a,=0 (Polya-
Eggenberger urn models) we have explicit formulas for the functions D¥(¢)
(Proposition 2.3.4). Therefore when a, =0, we can compute the derivative
of the approximation D[ g](¢) explicitly. On the other hand when ¢, =0,
we can apply the results of Section 2.8 to compute the derivatives of
Dyl g1(1). Let

dy=dy(a,)=1+ Na,

as in Section 2.8. Then we have the following results.
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PROPOSITIdN 371, If a;=0, then

Dyl gl(t)=

d 1E:[g(e!<+1) gle )] ngl(l).

Proof. This result is an immediate consequence of Proposition 2.8.2.

CorOLLARY 3.7.2 (Bernstein Approximations). If a,=a,=0, then

DAL =NE| g () -2 (F) | A0

CoroLLARY 3.7.3 (Uniform B-Spline Approximations). Ifa,=0, a,=1,
then

Dy[gl(t)=Y [glex.)—gle¥)1 DX~ ().
ProposiTiON 3.74. If a; =0, then

N(N=1)---(N=p+1)
desz42'“dN4p

<y [z (1 (D) etet | D20

Proof. This result is an immediate consequence of Proposition 2.8.5,

DY) =

CorOLLARY 3.7.5 (Bernstein Approximations). If a, =a,=0, then

DPlgl(t)=N(N—1)---(N—p+1)

gz ()5t

COROLLARY 3.7.6 (Uniform B-Spline Approximations). Ifa,=0, a,=1,
then

DYPLgl(n)=Y [z (—1yr( 1.’) g(ef,zﬂ)] DY~ #(1).
kLj \J

As i Proposition2.8.5 and its corollaries the summation in
Proposition 3.7.4 and its corollaries need not always be taken from j=0 to
j=p. In fact the summation is really just from j=max{(K+ p—N,0) to
j=min(K, p).
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4. SPLINES

In this section we shall restrict our attention to urn models for which
a,=1+a,. By Corollary 2.5.9 these urn models have the remarkable
property that the a priori probability of selecting a white ball on any trial
after the first is always exactly 1/2 regardless of the initial contents of the
urn. We call such urn models spline models for reasons which will become
clear shortly.

Let xo<x; < --- <X, b€ an increasing sequence of real numbers. A
function S(z) is said to be continuous polynomial spline of degree N, order
N+ 1, with knots (xg, ..., x;,, ) iff there are M + 1 degree N polynomials
Pol?), .., Pa(t) such that

S(t) = pl?) X SIS Xgyy
Pre(Xki1)=Pri1(Xky1) K=0,1,..,. M~-1.
Conversely given M + 1 degree N polynomials py(t), ..., pa(t) such that

Pk 1) =Prri(xki1) K=0,1,.,M~1

we can construct a continuous polynomial spline S(¢) by setting
S(1) = pxl(?) XgSISXgy

(see Figure 2).
We now proceed to make the connection between urn models and
splines.

Pglt)

[ J
®
®

XO X1 Xz X3 X4 X5 XG X7

A continuous polynomiat spline {(M=6)

FiGure 2
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4.1 Spline Distributions

We begin with the following fundamental result.

ProposITION 4.1.1. If a,=14ay, then DY(1)= DY _{0).

Proof. Consider 2 urns—urn 1 representing the case =0 and urn 2 the
case t= 1. Initially urn 1 contains no white balls and / black balls and urn
2 contains /# white balls and no black balls. After 1 pick urn 1 will contain

ha, white balls and 4+ ha, black balls. Similarly urn 2 will contain 4 + ha,
white balls and ha, black balls (see diagram).

0 white h white
h black | 0 black
urn 1| =0 urn 2| t=1

1 pick | =black ball 1 pick | = white ball

h+ ha, white |
ha, black

|

Hence if a,=1+a,, then after 1 pick the contents of the 2 urns are
identical. Therefore

ha, white

h+ ha, black

ay=1+a,= D¥(1)=DE¥_,(0). QED.
Define

Son()=D%_(1—K) O0K<K<iI<K+1<N+1
=0 t<Qort>N+1.

By Proposition 4.1.1 it follows that Syn(f) is a continuous polynomial
spline of degree N with knots (0, 1, ..., N+ 1) (see Figure 3).
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[
-9

N+1

N
we
2
+
a
- ]

The Polynomial Spline Sy (t)

FIGURE 3

Thus the urn models for which a, =1+ a, naturally generate polynomial
splines. For this reason we call these special urn models spline models.
The splines S,,(1) are generally not differentiable at the knots. Indeed in

the quadratic case it follows from the recursion formula (Proposition 2.3.1)
that

_(—tta)l-t) £-Q+a)t+(1+a)

D=y~ atan

prn U Ha)d =0+ C—tta)t_ 22 +21+(1+a;)
T 2(1+ay) B 2(14+a,)

D%(l)= (t+al)t_ t2+alt

20+a,) 2(1+ay)

Therefore if a, # 0, then by direct computation

a dD?
0= 2
¢2(1+a,) dr |,_o
dD}  2+a 1 dD}
dt |,_y 2(1+4+ay) 1+¢11_ dt |,
dD}  ~1 ,—(2+a,) dD}
dt |, 1+a,” 2(l+a,) dt|,_g
oD? -
0 o,

@ |, 2 ta)
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Hence by construction

LK )#£SHK,) K=0,1,23

Notice however that we do obtain equality when a, = 0. We shall return to
this very important special case (B-splines) again in Section 3.

Because the splines Sy, (f) are generated from urn models, they inherit
the following additional properties.

ProposiTioN 4.1.2 (Symmetry).  Son(2) = Sop(N +1—1).

Proof. Let K<i<K+1. Then N—K<N+1—r<N+1—K There-
fore by Proposition 2.2.1

SON(t) = D%—K(t'— K)
=D¥K+1—1)
= Son(N+1—1). QED.

CoroLLARY 4.1.3 (Symmetry).
N+1 N+1
SON (‘T—‘ t> =S0N <‘_2‘-+ t)-
Proof. By Proposition 4.1.2
N+1 N+1
Son (—;—- t> = Son <N+ 1 ——522—— t)

N+1
::SON( ;- + I). Q.E.D.

ProrosiTioN 4.1.4 (End Points).
Sov(N+1)=0 N>0.

Proof. By Proposition 2.3.2 if N> 0
Son(0)=D7(0)=0
Son(N+1)=DY(1)=0. QED.
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Prorosition 4.1.5 (Explicit Formulas).

Ml (t+Ka))

Son(t)= [] —r =21 0<r<1
o KE[O(1+K+2Ka1)
N_I(N+1“Z+Ka1)
= <1< .
Son(?) Kl;[o 1+ K+ 2Ka,) N<Kit<N+1

Proof. These results follow immediately from Proposition 2.3.3.

ProPOSITION 4.1.6 (Continuous Distribution).

Son(1)20

N+1
f Son(?) dt = 1.
0

Proof. Let K<t< K+ 1. Then by Proposition 2.1.1

Son(t) =Dy _ x(t—K)>0.

Moreover, again by Proposition 2.1.1,
N+1 K+1
f SON(t)dt=zj DY (t—K)dt
0 x °K
1
=Y | Dy () du
K U0
1
=| [Z D%_K(u)] du
oLk
1
=J du
0
=1 Q.E.D.

ProrosiTiON 4.1.7 (Expectation).

N+1
>

N+1
j tSon(t) dt =
1]

Proof. By symmetry. From Corollary 4.1.3 the distribution Sg,(¢) is
symmetric about the point (N +1)/2. Now by a standard argument the
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expectation of a symmetric distributions is the point of symmetry [10].
Hence

N+1

N+1
f 1Sonl?) dt =
0
By integration.

N+1 K+1
f 1Son(1) dt:Zf DN _ (t1—K) di
4] K

K
1

1
Sy

(u+ K) DY (u) du

o]

—

j Y (u+N—K) D¥(u) du

0k

—

0

1
= @+N)Y DYw) du—j KDM(u) du.
o K 0 x
Now by Proposition 2.1.1 and Corollary 2.5.9
Y. DYw)=1
K

N-—1
Y KD¥(u)=u+ .
P 2

Therefore

N+1 1 1 1 (H(N—=1)
L fSozv(t)dt=J‘0udu+L Ndu—joudu——JiO 3 du
(N—1)

2

=N—

N+1
- _;_ QED.

Thus many of the characteristic properties of the splines Syy{f) are
simple consequences of the corresponding properties of the distributions
D y(1). In particular, the splines Syy(¢) are continuous distributions. We call
such distributions spline distributions.

When a, =0 we shall show shortly that the spline distribution Sy,(7} is
actually the normalized uniform B-spline basis function of degree N with
knots (0, 1, ..., N+ 1). At the other extreme, as a, approaches infinity, we
have the following result.
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PROPOSITION 4.1.8 (Limits). If K<t<K+1, then

Lim So(r) = (1/2)" " [(ﬁ: :) (K+1-0+ (N; 1) (z—K)].

Proof. Let K<t< K+ 1. Then by Corollary 2.7.8

Lim Soy(¢)= Lim D% _ ,(1—K)

d) — ajl — o

=(1/2)V 1 [(;:;{) [1—(t—K)]+(N]i,;1_1> (t—K)]

—(1/2)¥1 [(i:i) (K+1—1)+ (N; 1) (t—K):I. QED.

By Proposition 4.1.8. the splines S,y(z) approach linear splines as a,
approaches infinity. Thus, for example, in the limit we have the following

diagram.

3/8

Lim Sgyg(t)
—_— 00

a

FIGURE 4
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4.2 Recursion

By translating the functions Sop{(z), we can define spline distributions
over any sequence of consecutive integers (J, J+ 1, .., J+ N+ 1). Let

Sym(t) = Sop(t—J)
or equivalently let

S;pt)y=D¥ ,(t—J—K) JSJ+K<t<J+HK+1IKI+N+1
=0 t<Jort>J+ N+ 1L
Then S,,(2) is a spline distribution with knots (J, ..., J+ N+ 1).

We are going to derive a recursion formula for the splines §,,(f). We
begin by recalling the standard recursion formula for D¥(z).

Lemma 4.2.1.
K+ 1—t+ Na,
Nt —
S0 1+ N+2Na,
S%,l(t)=l+N+1—K+Nal
1+ N+2Na,

Proof. These formulas follow immediately from Proposition 2.3.1.

ProposiTioN 4.2.2.

(K+1—1t)+Na, _,

(t+N+1—K)+ Na,
D¥(r y
(N +2Na, PxO+

i)
(1+ N)+2Na, Die-(1)

DY+1(1)=

Proof. This result follows immediately from Proposition2.4.1 and
Lemma 4.2.1.

Lemma 4.2.3.
) N+2—t+ Na
N t—K)y=—-—" 1 <t<K+1
Shaikl ) 1+ N+2Na, k<i<k+
t+ Na,
N Ry - L <r<K+ 1.
sy x(l = K) 1+ N+2Na, E<r<k+

Proof. These formulas follow immediately from Lemma 4.2.1.
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PROPOSITION 4.2.4.

(t—J)+ Na, (N+2+J—1t)+ Nq,

Sy, (1) +

S )= ——————
71D (1+N)+ 2Na, - (1+N)+2Na, Sy, M(2).

Proof. Let J+K<t<J+K+1. Then by Proposition24.1 and
Lemma 4.2.3

S, ve1()=DY,  _(t—J—K)
N+17K(t J_K)D%+17K(I—J—K)
+sN_(t—T—K)yDY_(t—J—K)
_(N+2)—(1—J)+ Na,
B 1+N+2Na1
1+N+2N1
_(N+2+J—1t)+ Na,
14+ N+2Na,
1+N+2Na,

—x-plt=(U+1)—(K-1)]

N [(t—J—K)

Sy, n(1)

S, A(1). QED.

When a, =0, Proposition 4.2.4 becomes

(t J) ,N(t)+(N+2+J_t)

Sowerlt) =135 50 A+ N)

Sy 1 w{1)-

This recursion formula is identical to the Cox—de Boor recursion formula
for B-splines with integral knots [1]. Therefore when a, =0, a,=1, the
spline distributions S,,(¢) are the normalized uniform B-spline basis
functions. Thus Proposition 4.2.4 is a simple generalization of the Cox-
de Boor recursion formula for B-splines. We shall return to the subject of
B-splines again in Section 5.

We close this section with some additional observatlons about the
functions f¥(2), s¥(¢). These functions are defined probabilistically only for
0<t<1. However we can use the formulas of Lemma 4.2.1 to extend the
definitions of f(r), s¥(¢) outside the interval [0, 1]. We then have the
following result.

LemMma 4.2.5.
frO=fE_t=1)

sp(t)=sg_,(t—1).
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Proof. These results follow immediately from Lemma 4.2.1.

COROLLARY 4.2.6.

Fk()=f%_4(0)
sg(1) = s%_,(0).
We can use Coroliary4.2.6 to give an alternate proof of
Proposition 4.1.1.
ProposITION 4.1.1 (Revisited). DE(1)=D¥_,(0).
Proof. By induction on N. Certainly this result is true for N =1 since
Diny=1—1t
Di(r)=1.

Now by the recursion formula, Corollary 4.2.6, and the inductive
hypothesis

D+ (1)=fR(1) DI1) +s¥_ (1) DX_ (1)
=fk-10) DY_(0)+s¥_5(0) DF_5(0)
= DY+ 1(0). QED.
4.3 Additional Conjectures Concerning the Laws of Signs

In Section 2.6 we presented two conjectures concerning the Laws of
Signs for the polynomials {DZ(¢)}. In this section we shall introduce two
additional conjectures regarding the Laws of Signs for the splines {S,4(¢)}.

It is well known that the normalized uniform B-spline basis functions
satisfy the Weak Law of Signs over any interval [127]. Thus when ¢, =0,
a, =1, the splines {S,,(¢)} satisfy the Weak Law of Signs. This one special
case coupled with the basic similarity of all our spline distributions
prompts us to propose the following general conjecture.

Conjecture 4.3.1. For all positive finite values of a,, the splines
{S,n(1)} satisfy the Weak Law of Signs in any interval.

If we restrict our attention to the unit interval (0, 1), then for @, =1+ a,
Conjecture 4.3.1 = Conjecture 2.6.1

becatuise

Y cx DY) =Y cx Sk, w1)

640/54/1:4
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For arbitrary integral unit intervals, Conjecture 2.6.2 suggests the follow-
ing general conjecture.

Conjecture 4.3.2. For all positive finite values of a;, the splines
{S,v(1)} satisfy the Strong Law of Signs over any unit interval (K, K+ 1).

Notice that
Conjecture 2.6.2 = Conjecture 4.3.2

since, by definition, over the interval (K, K+ 1)

ZCJSJN(t)‘: cx—ySk—u (1)
y .

<

Ccx_;DN_[{t—K)

(=]

CK+JrND§V(”),

It
Mz 1Mz T M=

(=}

where 0 <u=1t— K< 1. Therefore if the polynomials {D¥(u)} satisfy the
Strong Law of Signs in the interval (0, 1), then the splines {S,,(¢)} satisfy
the Strong Law of Signs in the interval (K, K+ 1).

The Strong Law of Signs necessarily implies linear independence, and
indeed because the polynomials {D¥(¢)} are linearly independent, we have
the following result for the splines {S,,()}.

PROPOSITION 4.3.3.  The splines {S,y(t)} are linearly independent.

Proof. Suppose that there are constants {c,} such that for all ¢
Y c;Sn(1)=0.
For all ¢ such that K<t<K+1, let u=t¢— K. Then
2 ks s nDFW)=3 ¢, S,,(t)=0.

But by Corollary 2.5.13 the functions {D¥(u)} are linearly independent.
Therefore

Cr nN= *** =C‘K=0.
Since this result is true for every K, it follows that
c;=0

for every J. Therefore the functions {S,,(z)} are linearly independent.
Q.ED.



URN MODELS 49

As yet we know of no proofs, probabilistic or otherwise, for Conjec-
tures 4.3.1, 4.3.2. However, obviously any such proofs must be closely
related to the proofs of Conjectures 2.6.1, 2.6.2. We shall discuss the
geometric significance of these conjectures further in Section 4.4.

4.4 Spline Approximations

In Section 3 we constructed polynomial approximations D,[g](¢) to
continuous real-valued functions g(r) defined on the interval [e}, e¥]. Here
we shall generalize this construction to spline approximations S,[ f1{¢} of
continuous real-valued functions f(¢) defined over the interval {— o, c0).

Recall from Section 3 that for a, =1+a;

el =(2K+1—N)2
el x=J+ek.

Now let f(¢) be a continuous real-valued function. Define the linear
functionals S,y[ /], Sy[f] by setting

SJN[f](t)=Zf(€IJV+K)D%(t‘-]) JLigJ+H1
K
=0 t<Jort>J+1

and

Sy =% Sl

For reasons which will soon become clear, we shall regard S,,[f] as a
local approximation and S,[f] as a global approximation to f.
By construction

Sox[S10)
SWLF1) L Sl F10)

Sl S 300
\

=Aed) DG () + - + fel) DJ(1)  + - + flel) DD O<rst
= f(;:y)DgV(t~J)+-~+f'(ex)Dx,,(t—J)+--- J<isi+1

= [y Die~N) + -+ N<ISN+1
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Scanning these equations vertically rather than horizontally, we observe
that in Sy[f](¢)

coefficient f(ey) = Son(?)

coefficient f(e})=S,_n n(?)

coefficient f(e}, y) =S, x(?).

Therefore we have the following proposition.
ProprosITION 4.4.1. Sy[f1(r)=3, fleF, ») S,n(2).

COROLLARY 44.2. Sy[f ](t)ﬁ is a polynomial spline.

Locally the approximation Sy[ f](¢) is given by S,4[f](¢). Thus global
properties of S,,[ f](¢) are local properties of Sy[f](z). But the local
approximations S,y[f](z) are essentially identical to the polynomial
approximations D[ g](¢) as we can see from the following lemma.

LemMMA 4.4.3. Let f(t)=f(t+J). Then

SO =DALfA(—T)  T<t<JI+1.

Proof. By definition
SnLf1) =Y flel, x) DR(1—J)

=Y fiex) DR(t=J)
=D, [f,1(t—=J). QED.

Therefore all the standard global properties of the polynomial
approximations D[ g](¢) are local properties of the spline approximations
S~[f1(2). In particular, we have the following results. -

PROPOSITION 4.4.4. S, is the identity on linear functions.

Proof. This result is an immediate consequence of Proposition 3.1.3 and
Lemma 4.4.3. It also follows directly from the definition of S,,[f],
Proposition 2.1.1, and Corollary 2.5.7.

ProposITION 4.4.5, graph(S,y[f]) < convex hull (graph f).

Proof. This result is an immediate consequence of Proposition 3.1.5 and
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Lemma 4.4.3. It also follows directly from the definition of S,,[f],
Proposition 2.1.1, and Corollary 2.5.7.

PrOPOSITION 4.4.6 (Symmetry). Let f{t)=f(2J+1—1), Then
SJN[T](’) = SJN[f](t)~

Proof. This result is an immediate consequence of Lemmas 3.2.1 and
443,

PROPOSITION 4.4.7 (Recursion). For J<r<J+1 and 0<K+L<N,
define

Py k[ 10r)=flefs )
Pr kLA Iy =K r =D PEo L W) + s~ Hor = D) Py LS 1),
Then S,[f1(r)=PJLf1(r).

Proof. This result is an immediate consequence of Proposition 3.3.3 and
Lemma 4.4.3.

CoROLLARY 448 (Recursion). For J<r<J+1 and L<I-J<N,
define

%L/ 1) =f(e})
QLX) == Lr =) QFZ T WD) + 572 L (r = T) QF M LF 1),

Then S,5[f1(r)= Q7. yLf1(r).
Proof. By construction QF[ f1(r)=P%_,[f](r). Therefore this result is

an immediate consequence of Proposition 4.4.7.
PropPosiTION 4.4.9 (Uniqueness).
Sinlgl=S,wlh] iff glel, )=heY, ) for O<KK<N.

Proof. This result is an immediate consequence of the definition of
S,~Lf] and Proposition 2.5.13.

ProrosiTioN 4.4.10 (Uniqueness).
Sylgl=Sy[A] iff g(e¥)=h(e¥) forevery integer K.

Proof. This result is an immediate consequence of Propositions 4.3.3
and 4.4.1.
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Finally Conjecture 3.5.3 concerning the variation diminishing property
for the approximations Dy[ g] suggests the following conjectures for the

approximations S,y[ /], Sx[f]

Conjecture 4.4.11. For all positive finite values of a,, the linear
functionals S,y[ f] are variation diminishing in the interval (J, J+1).

Conjecture 4.4.12. For all positive finite values of a,, the linear
functionals Sy[ /] are variation diminishing in any interval.

TABLE 1
D(1) Smt)
1. Polynomial 1. Polynomial Spline
2. Discrete Probability Distribution 2. Continuous Probability Distribution
a DY@)>0  0<u<1 a. Son(t)20
N+1
b. ¥ D¥(r)=1 b. f Soan(t)dr=1
k 4]
3. A Priori Probability 3. A'Priori Probability
Sp(t)=t N=1 ?
=1/2 N>1
4. Expectation 4. Expectation
N
N+1 Nl N+1
5 kDM =+ 241 J (Son(t) dt =i
2 o 2
K=0
5. Symmetry 5. Symmetry
D()=Dy_x(1-1) Sondf) = Sop(N+1-1)
6. Explicit Formulas 6. Explicit Formulas
(1—t+Ka,) (t+ Ka,)
DY) =] ———m———= . N=ll——= 01
& D=1 xraka,) a S =1l % ke
(r+Ka,) (N+1—1+Ka,)
b. DY =]] ———m— b. )=l —————5—==— N<I<N+1
MO H(1+K+2Ka,) Sonlt) =11 (1+K+2Ka))
7. Recursion Formula 7. Recursion Formula
(K+1—1)+ Na, (t—J)}+ Na,
DY+ ()=l py S S L b it Y €
X ([) (1+N)+2Na1 K(t) .I,N+l(t) (1+N)+2NH‘SJN( )
—K —
(t+N+1 )+Na1Dﬁ_.(1) (N+2+4J t)+Na‘S,+,N(t)
(14+N)+2Na, . (1+ N)+2Na, ’
8. Limits 8. Limits
Lim D#(t) = Linear Polynomial Lim S,,(¢) = Linear Spline
aj—w aj o0
9. Law of Signs 9. Law of Signs
Strong Law of Signs Weak Law of Signs
in the Interval (0, 1)? in any Interval?
10. Linear Independence 10. Linear Independence
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By Lemma 4.4.3 and Proposition 3.5.1 for g, =1+ a4,

Conjecture 4.4.11 < Conjecture 3.5.3 < Conjecture 2.6.1

and by Propositions 3.5.1 and 4.4.1
Conjecture 4.4.12 < Conjecture 4.3.1.

Moreover since Sy[f () =S,y[f1(¢) for I T+ 1
Conjecture 4.4.12 = Conjecture 4.4.11.

Thus Conjecture 4.4.12 is the strongest of our conjectures concerning the
variation diminishing property. Now the variation diminishing property is
known to be valid for the normalized uniform B-spline basis functions
[127]; thus Conjecture 44.12 is valid when a, =0, a,=1. We believe that
Conjecture 4.4.12 (the variation diminishing property) is valid for all of our
spline approximations—that is, for all values of a,—but like Conjec-
ture 4.3.1 (the Weak Law of Signs) we know of no proof, probabilistic or
otherwise, for this general conjecture.

4.5 Summary

In Tables I and IT we collect, compare, and contrast our resuits first for
the functions D¥(f) and S,y(f) and second for the approximations
Dyl gl(r) and Sy[f1(2).

TABLE II
Dy g]() SyLf 1)
1. Polynomial Approximation 1. Spline Approximation
2. Linear Functions 2. Linear Functions
DyfLl=L Sy[L]=L
3. Convex Hull Property 3. Convex Hull Property
graph(D [ g]) < convex hill (graph g) graph(Sy[ /1) < convex hull (graph f)
4, Symmetry [ g(¢)=g(1 —1)] 4. Symmetry [ f(¢)=f2J+1—1)]
DyL£1(1)=DAl[1(1) Sl F 10y =S )o)
5. Recursion 5. Recursion
Dyl gl(r)=P{lgl(r) Sl 1) =05, L1
6. Uniqueness 6. Uniqueness
Duylgl=Dy[h]iff Sylgl(e)=Sy[h}(s) il
glef)=he) O<K<N gleMy=h(e}) forallK
7. Variation Diminishing 7. Variation Diminishing
Dy[ g] is Variation Diminishing SyLf1is Variation

in the Interval (0, 1)? Diminishing in Any Interval?
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5. B-SPLINES

Let xo<x,<---<xp.; be a sequence of increasing, evenly spaced
values along the t-axis. A function B(z) is said to be the normalized
uniform B-spline basis function of degree N, order N + 1, for the knot vec-
tor (xg, .., Xy 1) iff there are N+ 1 degree N polynomials by(¢), ..., b(2)
such that

B(1) =b(1) XgSISXg

=0 1<XgOF I>Xpy,

and the polynomials by(?), ..., b ~(2) satisfy the following 4 conditions:

1. biP)(x,)=0 p=0,1,.,N-1
2. b (ke ) =0 (xg11) p=0,1,.,N-1
3. bP(xy,,)=0 p=0,1,., N—1
4. Xpljdx [E1by(t)di=1 (Normalization).

Thus a B-spline is a polynomial spline that has the maximum possible
differentiability at the knots without collapsing 2 adjacent segments into a
single polynomial.

To construct the normalized, uniform, degree N, B-spline basis function
B(1) for an arbitrary evenly spaced knot vector (xg, ..., X5 1), we need only
construct the normalized, uniform, degree N, B-spline basis function By(¢)
for the canonical knot vector (0, 1, .., N+ 1). Indeed it is easy to verify that
in general

B t— X,
B(t)—B0N< — )

We shall now use an urn model to construct By,(?).

5.1 An Urn Model for B-Splines

Consider an urn initially containing w white balls and b black balls. One
ball at a time is drawn at random from the urn and its color is inspected. It
is then returned to the urn and w + b balls of the opposite color are added
to the urn.

This urn model is just the special case of Friedman’s urn model for
which a, =0, a, = 1. Moreover, it is the simplest spline model (a, =0). For
this special urn model we shall adopt the notation

BX(t)=D(1)
Bn(t)=S,n(1).
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By Proposition 4.2.4 the functions Bjy(t) satisfy the Cox-de Boor recus-
sion formula

(=) (N+2+J7-—1)
BJ,N+1(t)"‘(lTJV) BJN(t)‘*‘—m“)“""BJH,N(t)-

Therefore it follows immediately, though somewhat obliquely, that the
functions B,,(¢) are the normalized uniform B-spline basis functions of
degree N, order N+ 1, for the knot vectors {J, ..., J+ N+ 1). We shall now
give a simpler more direct proof of this fact based on the simpler more
primitive recursion formula

(K+1—1)
(N+1)

(t+N+1-K)

Bgt(n= )

BX¥(t)+ BY (1)

of Proposition 4.2.2.

Lemma 5.1.1.

B%(‘I)ZE—:}]\)];V—*K (]]\(]) P S

Proof. By induction on N. Certainly this result is true for N=1.
Moreover by the recursion formula and the inductive hypothesis

(K+1—1) (t+N+1-K)
(N+1) (N+1) k-1

-(_1)N+1—K N Nal
ST [(2’)*(“1)} A

BT = BR(1)+ (1)

_(__1)N+1—K N+1 Nt
—W K R T QED
COROLLARY 5.1.2.
d"BY

PROPOSITION 5.1.3. The functions BY(t), .., BN(t) are degree N
polynomials, and they satisfy the following 4 conditions:
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P RN

. EBY p=0,1,.,N—1
dtp lt=0 .
P RN P RN

), UBx  _d'Bx p=0,1,.,N—1
dtp It:l dtp It’:O
d?BY

3. 0 = =0,1,.,N—1
dtp |t=1 P

4 zjol BY(t) di=1.

Proof. When p=0, parts 1, 2, 3 follow from Proposition 4.1.1. When
p # 0, we proceed by induction on N.

1. By the recursion formula

t
N+104)— N
BY 0= G B
Therefore by Leibniz’s Rule,

d’Byti  p d"*IB%+ t d°BY
dt> (N+1) dt"~' " (N+1) dr*

Hence by the inductive hypothesis

PPN +1 —1pN
. §$+1|,=0=(Ni 1)d;P*BIN|,=O=O p=b. N
3. Again by the recursion formula
B0 =t B0
Therefore by Leibniz’s Rule,
d?By+1 —p d?7'BY (1—1t) d*BY

i (N+1) @rP-1 " (N+1) dr?

Hence by the inductive hypothesis

da’BY* —p 4By
at? |,y (N+1) a?= |,

0 p=1,.,N.
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2. Again by the recursion formula

(=1+K) oy U NF1-K)

B =571y Bk N+ 1)

B (1)

Therefore by Leibniz’s Rule,

d?BY+! 1 d”‘l d?BY
= - 1 — K
e (N+1)[ Pt t(1=14K) }

1 dr—'BY
+ £
(N+ 1)[ drr

d’By_,
+(+ N+ 1K) —E=L

Hence at r =1

d?BY+! qr-1
A’ . N+ . )[dtp i [BX 1(0—3%(!)]!,:1]

i
TNF D

d* .
| LV +2- B BY(0+ KBYO - |
Similarly for K—1 and 1= 0

" im0 (N+1)
1

7By v
Bl G B 0B (0]

+

N )[%[( +2-K) B} z(f)+KBz_l(r)Ji,=o].

Therefore comparing term by term, it follows immediately from the induc-
tive hypothesis that

dPBYTT_dPBYY
/O PR A P

p=1,.,N—1

Moreover, to prove that this result is also true for p= N, we need only
show that

NpN NpN
(N+2~ K)d BK 1! +Kd#l
=1 t=1
dVBY dVBY
=(N+2- K) ’,f, N i S
‘tz() dtN Iz=0
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But by Corollary 5.1.2.

dBY vexl
a0 (i)

Therefore
d"BY | d"BY,
(N+2—-K) o +K o
=(—1)N‘K“(N+2—K)< N + (=1 KK
K—-1 K
N
=(—1)N“‘K<K_1)[(N+2—K)—(N+1-K)]
N
—(—f1\W+1-K
)
Similarly
d"By_, d"BY
(N+2—-K) PR +K P

= (VKN L 2_K) (K]f2>+(_1)N~K+1K(KT1>

=(_1)N+1K<1£1) [-(K—-1)+K]

s )

so the result is true for p=N.

4. This is easy since by Proposition 2.1.1

ZﬂD%nm=£szgm

=ﬁm

=1 "Q.ED.
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COROLLARY 5.1.4.  The spline Bop(t) is the normalized uniform B-spline
basis function for the canonical knot vector (0, 1, ..., N+ 1).

Proof. Let by(t)=D¥ ,(t—K). Then by construction
We must show that the polynomials b.(¢) satisfy the 4 conditions which

define the B-spline basis function for the knot vector (0, 1, .., N +1). Now
by Proposition 5.1.3 for p=0,1, ., N—1

d?D¥
L pPO)=—Sr =
MO =—73 . 0
dpr~K~1
2. b(]épll(K—i_l):TIz:O
_d’Dy_
B dtp |t=1
=bP(K+1)
darpy
(p) = 0 =
3. PN +1) L, 0

=1 Q.E.D.

COROLLARY 5.1.5. The spline B,y(t) is the normalized uniform B-spline
basis function for the knot vector (J, .., J+ N+ 1).

Proof. This result is an immediate consequence of Corollary 5.1.4 since
by construction

B (1) = Bop(t — J).

We can also use the recursion formula to derive explicit expressions for
BX(1), Bon(t).
N+1

ProPOSITION 5.1.6. BY(t)=1/N! Z’,";OK(—I)“’( 7

)u+N—K—nN



60 RONALD N, GOLDMAN

Proof. By induction on N. For N=1, we get
Bi()=(+1)—2t=1—1¢ .
Bi(t)=t

as required. Now by the recursion formula and the inductive hypothesis

ot (1—1+K) = ((+N+1-K)
Bt 0="ry B+ ey P
1 N+1—K B N-f—l v
e Y ‘(1_1>
X(t+N+1—K—JY"(1—t+K)
1 N+1-XK N+1
+(N+1)! EO (*I)J( J )
X(t+N+1-K—-J)"t+N+1-K)
1 N+1—-K
= 2 (D N+I-K-J)F)
N+1)!
F(t)=J—!(§V{3_)—J)![(N+2~J)(t+N+1—K)—J(1—t+1<)]
N+1)!
=—J!(§\,++21J)! [(N+2)t+N+1-K—-J)]
Thus
F(t)=<N;r2>(t+N+1—K—J)
SO
DY) = 1 N+1—-K Ly N+2 FANEL KD
as required. QE.D.

CoOROLLARY 5.1.7.

| N N+1
Box( =77 ¥ (—1)"( j )(t—J)ci 0<t<N+]1
*J=0

=0 otherwise.
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Proof. Let 0K K<t<K+1<N+1 Then by Proposition 5.1.6

Bon(t)=By_((t—K)

1 & J N+1 N
:mgo(_l)< ; )(t——J)

1 ¥ S(N+1 N
ZM,ZO(_1)< ; >(t——J)+. QED.

It

We close this section with a result relating the limits of urn distributions
to the values of the normalized uniform B-spline basis functions at the
knots.

ProrosiTiON 5.1.8. If N> 1, then

Lim D¥a,, a5, 1) =By x_(N—K).

ay — o

Proof. By Proposition 2.7.5 if N> 1, then

Lim D¥(ay, a,, t)=D¥ 10, 1, 1)

a3 — ©
~ By
- BO,N— I(N—‘K). Q.E.D-

By Proposition 2.7.5 as a, approaches infinity the urn distributions
approach constant vatues and by Proposition 5.1.8 these values are just the
values at the knots of the normalized uniform B-spline basis functions.

5.2 Derivatives Revisited

In Proposition 5.1.3 we proved that the functions BY(¢), ..., BR(t) can be
joined together smoothly up to order N — 1. However, this proof provides
little or no insight into why the particular spline model a; =0, a,=1 is the
correct model for B-splines rather than one of the other spline models.
To rectify this situation, we now provide an alternate proof of
Proposition 5.1.3 based on Propositions 2.8.5. and 4.1.1.

ProposiTION 5.1.3 (Revisited). The functions BY(t), ..., BN(t) are degree
N polynomials, and they satisfy the following 4 conditions:
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d?BY

1. N =0 = vy N—
i p=0,1,.,N—1
d?BY d?BY

2. K = K-l =01 .. N—-1
A |, dtr |, P
d?BY

3. —2 =0 =0,1,.,N—1
dtp '1=1 p s 1y ’

4. zjol BY(1)dt=1.

Proof. The main facts are these: by Proposition 4.1.1 any urn model for
which a, =1+ a, satisfies

Dx(1)=D¥_,(0). (*)

On the other hand if a,=0, then by Proposition2.8.5 we know the
derivatives of the functions D¥(¢) in terms of the functions DY ~!(¢). Indeed
if a, =0, we have

d’D¥ =N(N—1)...(N—p+I)Z(_l)Hp(f)Dz_;’(I)

ar? |-, dy_1dy_z-dy_,

d’D¥ _, _NN—-1)---(N=p+1)
arr |,_o dy_idy_y---dy_,

y (_1)j+p (f) DpY-r. 1(0).(**)

Now if a,=1+a, and a, =0, then () and (*x) together imply

d’BY  d’BY_,
dr? |,y dt? |

p=0,1,.,N—1,

But this is exactly what we needed to prove for part 2. Moreover parts 1, 3
follow easily since by Proposition 2.3.2 and (*+) we have

d?BY
=4+B¥-7(0)=0 =0,1,.,N—1
dtp l[=0 —_ pr( ) p
d?BY
=4+BY¥-7(1)=0 =0,1,.,. N—1.
a |, 2o P

Finally part 4 is true for every urn model since by Proposition 2.2.1

Y D¥(1)=1. QED.
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The fact that we have formulas for the derivatives of D¥(r) when a, =0,
a,+# 1 is not an accident. Indeed these urn models actually generate certain
special non-uniform B-splines [8]

We close this section by noting that we can also use the resuits of
Section 2.8 to calculate the derivatives of the B-splines B,\{¢) in terms of
lower order B-splines. Indeed we have the following results.

PrOPOSITION 5.2.1. dB,y/dt=B; y_{t)—B,  y_1{t}

Proof. This result follows directly from Corollary 2.8.7.

COROLLARY 522. d”B,y/dt? =3 (—1)(2) B, . v ,1).

Proof. This result follows easily from Proposition 5.2.1 by induction
on p.

53 Summary

Since the normalized uniform B-spline basis functions can be generated
from an urn model, many of the special geometric features of these splines
are simply reflections of the distinctive stochastic characteristics of the urn
model. Thus symmetry, recursion, and normalization can all be derived by
simple, discrete, counting arguments. In particular, the recursion formula

N (z+N+1-—_19 N
BK(I)+M(N+ 0 By (1)

(K+1—1)
BN +1 N
«0 (N+1)
is the Cox—de Boor recursion formula in its simplest, most primitive form.

Thus the standard Cox~de Boor recursion formula

(1—J)

(N+2+J—1)
N+ 1)

Bn(t) + NF1) JELN

B, yii(t)=

is just a special case of the general recursion formula which is a charac-
teristic feature of all Friedman urn models (see Section 2.4},

We summarize our results for B-splines in Table IIl. Except for items 2,
3, 8¢, all of these properties follow from Table I in Section 4.5 by setting
a, =0, Ttem 2 is, of course, just Proposition 5.1.3 and Corollary 5.1.4; item
3 is just Corollaries 2.8.7 and 5.2.2; and item 8c is just Proposition 5.1.6 and
Corollary 5.1.7.

All the results in Table IT of Section 4.5 are also valid for B-splines, but
since all these results are independent of the value of @, we shall not repeat
them here.

640/54/1-5
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TABLE 111
BY(1) Bu(1)
1. Polynomial 1. Polynomial Spline
2. Differentiability Conditions 2. Differentiability Conditions
d?BY drBY_ d”Bgy d?Boy
=— =0,{.,N-1 —_ =— =0,1,..,N~1
P N ? P e N
3. Derivatives 3. Derivatives
a7y ep| P "B AP
EP—":Z(—I)*”(,.)B%Z{’(O 7 —L(=D (l. Byyyuoplt)
4. Discrete Probability Distribution 4. Continuous Probability Distribution
a BY(n=0 0<r<I1 a. Boy(£) =0
N+1
b.Y BY(1)=1 b. f Boy(1)dt=1
K 0
5. A Priori Probability 5. A Priori Probability
Syt)y=t N=1 ?
=12 N>1
6. Expectation 6. Expectation
N
1 V1 N+1
Y KBY(1)=1 +———N2 J 1Bop(t) di = ;’
K=0 o
7. Symmetry 7. Symmetry
Bity=By_,(1-1) Bon(1}= BopdN +1—1)
8. Explicit Formulas 8. Explicit Formulas
1" T
a sp=120 a Bo(=gs  O<is
I (N+1-0)
b BN =7 b. Boult) = N<I<N+1
172" N+l 12 N+1
¢ BY(t) =15 (-1)’( ; JerN—k-n e B =5 T (=1L =Dt
J=0 . J=0
9. Recursion Formula 9. Recursion Formula
(K+1—1) (t—J)
Nt () = 1 =——— B,
(t+N+1-K) (N+2+J—1)
AR S - . —————— B t
D B Bl
10. Law of Signs 10. Law of Signs

Strong Law of Signs
in the Interval (0, 1)[12]

11. Polynomial Basis 1.

Weak Law of Signs
in any Interval [12].

Spline Basis
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Finally we note that there also exist urn models which generate non-
uniform B-splines and B-splines with multiple knots, but these are a subject
for another paper [8].

6. CONCLUSIONS AND QUESTIONS

Probability theory and approximation theory are intimately related.
Many of the classical geometric properties of standard approximation
techniques are just reflections of the simple stochastic properties of
corresponding urn models. Thus rather than derive these geometric proper-
ties from explicit algebraic expressions, we have tried, whenever possible, to
give probabilistic arguments. These arguments are simpler, more general,
more natural, and more elegant. By adopting this high-level perspective, we
have realized a deeper level of unity and understanding.

Still, many questions remain. Are both Laws of Signs indeed valid for all
Friedman urn models? Do there exist simple probabilistic proofs for these
Laws? It is not easy to see any obvious connection between probability
theory and the Laws of Signs. Yet after all we have said and done, it is
hard to believe that no link exists.

 The Laws of Signs imply the variation diminishing property. Are all the

approximation schemes derived from Friedman’s urn model variation
diminishing? Do the spline distributions generated from urn models all
satisfy the Weak Law of Signs? Are the corresponding approximation
schemes also always variation diminishing?

Spline distributions generalize the notion of normalized, uniform,
B-spline functions. Do these spline distributions have any practical
applications?

Differential conditions still elude direct probabilistic interpretations. Is
there any insight that probability theory can provide about these critical
conditions?

From Friedman’s urn model we have singled out three fundamental
sequences: the Polya—Eggenberger models {a, = 0) whose most prominent
representative is the binomial distribution (a;=0), the spline models
(a,=1-+a;) whose most important representatives are the uniform
B-splines (a, =0), and certain very special non-uniform B-splines (g, = 0)
whose most distinguished representatives are again the uniform B-splines
{a,=1). Are there any other interesting useful sequences within Friedman’s
urn model? Do they also have applications in approximation theory?

Friedman’s urn model can be generalized in two ways: by -adding dif-
ferent number of balls of each color after each distinct trial or by consider-
ing urns containing balls of three or more distinct colors. The first method
can be used to generate many new types of splines including all univariate
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non-uniform B-splines [8]; the second method may lead to novel types of
splines in two or more variables. In relation to splines neither of these
techniques has been explored in any detail. Exactly what splines do they
generate? What are their applications to approximation theory? Is there
any relationship between urns with multiple colors and multivariate
B-splines?

Other discrete- probabilistic models—for example, the Poisson
models—are important in probability theory. Can these models also be
applied to solve problems in approximation theory?

Continuous probability distributions are barely touched upon in this
paper. What precisely is the role of continuous distributions in
approximation theory?

Finally, Laplace and Fourier transforms play a fundamental role in
probability theory. Do they also have a central role in approximation
theory?
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